In this paper, we introduce a new class ofĆirić type single-valued mapping with respect to u-distance and prove some fixed point theorems for this mapping. An example is given to show that our results are a proper extension of many well-known results. As an application, we establish the existence of a solution for an integral equation.
Introduction
The Banach contraction principle is a remarkable result in metric fixed point theory. Over the years, it has been generalized in different directions and spaces by several mathematicians, see [-] and the references therein. In , Ćirić [] proved the following fixed point theorem on a complete metric space, which generalizes the Banach contraction principle: Let X be a complete metric space and let T : X → X be a quasi-contractive mapping; i.e., there exists a constant q ∈ [, ) such that, for all x, y ∈ X, Let X be metric space with metric d. Then a function p : X × X → R + is called a udistance on X if there exists a function θ : X × X × R + × R + → R + such that the following hold for x, y, z ∈ X:
(u  ) p(x, z) ≤ p(x, y) + p(y, z); (u  ) θ (x, y, , ) =  and θ (x, y, s, t) ≥ min{s, t} for each s, t ∈ R + , and for any x ∈ X and for every ε > , there exists δ >  such that |s -s  | < δ, |t -t  | < δ, s, s  , t, t  ∈ R + and y ∈ X imply |θ (x, y, s, t) -θ (x, y, s  , t  )| < ε; (u  ) lim n→∞ x n = x and lim n→∞ sup{θ (w n , z n , p(w n , x m ), p(z n , x m )) : m ≥ n} =  imply p(y, x) ≤ lim n→∞ inf p(y, x n ) for all y ∈ X; (u  ) lim n→∞ sup{p(x n , w m ) : m ≥ n} = , lim n→∞ sup{p(y n , z m ) : m ≥ n} = , lim n→∞ θ (x n , w n , s n , t n ) = , lim n→∞ θ (y n , z n , s n , t n ) =  imply lim n→∞ θ (w n , z n , s n , t n ) =  or lim n→∞ sup{p(w m , x n ) : m ≥ n} = , lim n→∞ sup{p(z m , y n ) : m ≥ n} = , lim n→∞ θ (x n , w n , s n , t n ) = , lim n→∞ θ (y n , z n , s n , t n ) =  imply lim n→∞ θ (w n , z n , s n , t n ) = ;
Then there exists a mapping η from X × X × R + × R + into R + such that η is nondecreasing in its third and fourth variable, satisfying
On account of (a), we may assume that θ is nondecreasing in its third and fourth variables, respectively, for a function θ from
We present some example of u-distance which are not τ -distance. (For details, see [] .)
Example . Let X = R + with the usual metric. Define p :
Then p is a u-distance on X but not a τ -distance on X.
Example . Let X be a normed space with norm · . Then a function p :
It follows from the above example and Remark .(c) that u-distance is a proper extension of τ -distance. Other useful examples on u-distance are given in [].
Preliminaries
Throughout this paper we denote by N the set of all positive integers, by R the set of all real numbers and by R + the set of all nonnegative real numbers.
Definition . ([]
) Let X be a metric space with a metric d and let p be a u-distance on X. Then a sequence {x n } in X is called p-Cauchy if there exists a function θ from X × X × R + × R + into R + satisfying (u  )∼(u  ) and a sequence {z n } of X such that 
Then:
(i) {x n } is a p-Cauchy sequence.
(ii) If {x n } is a p-Cauchy sequence, then {x n } is a Cauchy sequence.
Fixed point theorems
The following lemma plays an important role in proving our theorems.
Lemma . Let (X, d) be a metric space with a u-distance p on X and {a n } and {b n } be sequences of X such that
Then there exist a subsequence {a k n } of {a n } and a subsequence {b k n } of {b n } such that
there exists a mapping θ :
such that θ is nondecreasing in its third and (.) fourth variable respectively, satisfying (u  )∼(u  ).
For each n ∈ N , let
By the hypotheses and (.), we have
Let k  ∈ N be an arbitrary and fixed element. Then, by (u  ), for this a k  ∈ X and ε = , there exists δ  >  such that
By virtue of (.) and (.), for this δ  > , there exists M  ∈ N such that
Due to (.), we have
From (.), (.), (.), and (.) we get
In terms of (u  ) and (.), for this a k  ∈ X and ε =  
, there exists
In view of (.) and (.), for this
On account of (.), (.), (.), we obtain
Continuing this process, there exist a subsequence {a k n } of {a n }, and a subsequence {b k n } of {b n } such that, for all n ∈ N ,
Using (.), (.), and (.), we know that
Using (.) and putting w n = z n = a k n+ , x n = a k n+ , and y n = b k n+ in (u  ), we have
Due to (.) and (.), there exist a subsequence {a k n } of {a n } and a subsequence {b k n } of {b n } such that
) be a metric space with a u-distance p on X and let T be a selfmapping on X.
where T  x = x and T i is the i times repeated composition of T with itself. Let
Lemma . Let (X, d) be a metric space with a u-distance p on X. Let T : X → X and ϕ : R + → R + be mappings that satisfy the following conditions:
for all x, y ∈ X;
(ii) ϕ is nondecreasing and ϕ(t) < t for all t > ;
(iii) I -ϕ is nondecreasing and bijective, where I is identity mapping on R + ;
where ϕ n is n-times repeated composition of ϕ with itself.
Then:
() For each x, y ∈ X, n ∈ N and for each i ∈ N with i ≤ , there exists l i ∈ N with l i ≤ n such that
n x} is a Cauchy sequence.
() For each x, y ∈ X and n ∈ N ,
Proof Let x, y ∈ X and n ∈ N , and let i and j be natural numbers with i, j ≤ n.
From (.) and hypothesis (ii), we have
which proves ().
From (), it follows that for each x, y ∈ X, n ∈ N and for each i ∈ N with i ≤ , there exists l i ∈ N with l i ≤ n such that p(x, x), p(x, y), p(y, x), p(y, y) 
which proves (). Applying the triangle inequality, hypothesis (iii), (), and (), we have
Therefore δ(O(x, y, n)) ≤ (I -ϕ) - (b(x, y)).
Since n is arbitrary, the proof of () is complete. To prove (), let x be an arbitrary point of X and define x n = T n x for every n ∈ N . On account of (.) and hypothesis (ii), we have
Substituting (.)∼(.) into (.), proceeding in this manner and by hypotheses, (), (), and () of Lemma ., we have
where
Combining (.) and (.), we get {x n } is a Cauchy sequence, i.e., T n x is a Cauchy sequence for each x ∈ X. This is the proof of ().
To prove (), let x, y ∈ X and define x n = T n x and y n = T n y for every n ∈ N . By the same method as in (.)∼(.), we get
which proves (). By virtue of (.) and (.), we deduce that
for each x, y ∈ X. This is the proof of (). for all x, y ∈ X. (c) For each x ∈ X with lim n→∞ T n x = c x ∈ X, there exists y ∈ X such that lim n→∞ T n y = Tc x .
Theorem . Let (X, d) be a complete metric space with a u-distance p. Let T : X → X be Ćirić type ϕ-generalized single-valued p-contractive satisfying
Proof Let x, y ∈ X and let x n = T n x and y n = T n y for every n ∈ N . Then, by () of Lemma ., {x n } is a Cauchy sequence. Since X is complete, {x n } converges to some z ∈ X. This is the proof of (). Due to (.), (iv) of Lemma ., Lemma ., Definition ., and (u  ), we have
which proves ().
By () and (c) of Definition ., there exists y ∈ X such that
In view of (.) and (.), we get
Due to (.), we obtain
In terms of (.), (.), and Lemma ., there exist a subsequence {x k n } of {x n } and a subsequence {y k n } of {y n } such that
From (), (.), and (.), we have
Thus z is a fixed point of T.
To prove the unique fixed point of T, let z = Tz and w = Tw. Then, by hypothesis, we obtain On account of (.) and the hypotheses of Lemma ., we obtain
This is a contradiction. Proof Since all the conditions of Corollary . satisfy all the conditions of Corollary ., we obtain result of Corollary ..
In the next example we shall show that all the conditions of Theorem . are satisfied, but condition (.) in Corollary . and condition (.) in Lemma . are not satisfied.
Example . Let k ∈ (, ) and let X = [, ] be closed interval with the usual metric, and p : X × X → R + , T : X → X and ϕ : R + → R + be mappings defined as follows:
for all x, y ∈ X and s, t ∈ R + . Then, by (.)∼(.) and simple calculations, we know that p is a u-distance on X and ϕ satisfies (ii) and (iii) in Lemma .. We now show that ϕ satisfies (iv) in Lemma ..
On account of (.
n t for all n ∈ N and so (iv) holds
Suppose that ϕ n (t) > -k +k for all n ∈ N and t ∈ ( 
for all x, y ∈ X. By (.), (c) of Definition . is satisfied. 
On account of (.), (.) in Corollary . is not satisfied. In terms of (.) and (.) we obtain
for all y ∈ X with y = Ty. This means that (.) in Lemma . is not satisfied. 
Remark .

